The investigation of the representations of nite group schemes over algebraically closed elds of positive characteristic typically proceeds in several steps. By general theory (cf. 29, (6.8)]) a nite algebraic group scheme G decomposes into a semidirect product G = G 0 G red with a normal in nitesimal subgroup G 0 and a reduced group G red . Accordingly, one begins by studying the representation theories of the constituents. These turn out to di er with regard to both, their methods and results. The nal, and often most di cult, step amounts to fusing the results for in nitesimal and constant groups. The classical modular representation theory of nite groups is fairly completely developed. One understands the Morita equivalence classes of the representation-nite and tame blocks (cf. 3, 7]), and the Auslander-Reiten quiver has also been determined (cf. 8]). Much of the success here rests on the availability of a comprehensive block theory that is based on Green's theory of vertices and sources.
Introduction and Preliminaries
The investigation of the representations of nite group schemes over algebraically closed elds of positive characteristic typically proceeds in several steps. By general theory (cf. 29, (6.8)]) a nite algebraic group scheme G decomposes into a semidirect product G = G 0 G red with a normal in nitesimal subgroup G 0 and a reduced group G red . Accordingly, one begins by studying the representation theories of the constituents. These turn out to di er with regard to both, their methods and results. The nal, and often most di cult, step amounts to fusing the results for in nitesimal and constant groups. The classical modular representation theory of nite groups is fairly completely developed. One understands the Morita equivalence classes of the representation-nite and tame blocks (cf. 3, 7] ), and the Auslander-Reiten quiver has also been determined (cf. 8]). Much of the success here rests on the availability of a comprehensive block theory that is based on Green's theory of vertices and sources.
By contrast, much less is known for the group algebras of in nitesimal algebraic groups. A general block theory remains elusive, and the most promising approach pursued so far is based on geometric methods related to the notion of a rank variety. In recent work 27] have extended this notion from in nitesimal groups of height 1 to those of arbitrary height. The main purpose of the present note is to show how their results and those of 12, 17] can be exploited to study the stable Auslander-Reiten quiver of an in nitesimal group.
The paper is organized as follows. In the rst section we show that the rank variety of an indecomposable module is an invariant of its stable Auslander-Reiten component. By combining work of Happel-Preiser- Ringel 20] with that of Erdmann-Skowro nski 10] one then readily obtains the standard list of the possible tree classes of the AR-components: nite and in nite Dynkin diagrams, and Euclidean diagrams. Thus, Theorem 1.3 is the analogue of Webb's theorem 30] for group algebras of nite groups (see 9, 11] for in nitesimal groups of height 1). In x2 we investigate the question to what extent the structure of an ARcomponent is determined by the dimension of its support variety. Components with onedimensional variety are those containing periodic modules and are therefore either nite, or in nite tubes. In generalization of the main result of 13] we show that AR-components with support varieties of dimension 3 are isomorphic to Z A 1 ].
Following a brief discussion on the number of AR-components, we turn in the last two sections to special cases given by Frobenius kernels of reductive groups and supersolvable groups. For the former actions on varieties provide additional information, while a certain \linkage principle" is exploited in the investigation of the latter. For both classes of groups, one can reduce the list of possible tree classes by determining the nite and Euclidean components.
Throughout this paper we will be working over an algebraically closed eld k of characteristic p > 0. All k-vector spaces are assumed to be of nite dimension. Let In this fashion we obtain an action of the automorphism group Aut k (H) on mod H , the category of H-modules. If : H ?! k is an algebra homomorphism, then k denotes the corresponding one-dimensional H-module. Note that is also a homomorphism, and that M ( id H ) = M k k . In particular, we have M ( ) = M k k .
The Variety of an Auslander-Reiten Component
We refer the reader to 6, 22, 29] for general facts on algebraic k-groups. Given such a group G, the r th Frobenius kernel of G will be denoted G r . If G = Spec k (O(G)) is a nite algebraic k-group with function algebra O(G), then H(G) := O(G) is its group algebra. By de nition H(G) is a nite dimensional cocommutative Hopf algebra.
We consider the r th Frobenius kernel p r k = Spec k (k T]=(T p r )) of the additive group, 
with the last isomorphism following from the fact that M 7 ! M k k is an auto-equivalence of mod H(G) . Since H( p r k ) is a local Hopf algebra, we have Proof. Let r be the height of G. Then we haveV Gr ( ) 6 = f0g, and for a non-trivial element ' : p r k ?! G ofV Gr ( ), we consider the module M ' . According to (1.2) there exists a projective H(G)-module P such that (M ' ) P = M ' . Let M] be an element of . Then M is a non-injective module for the local, self-injective algebra A r . Consequently,
by Frobenius reciprocity. We may now apply 9, (1.5)] to obtain our result. 2
Remark. Since k is algebraically closed, the labels of the edges of the possible tree class have the form (n; n). Hence the following tree classes can occur:
(a) nite Dynkin diagrams A n ; D n ; E 6 ; E 7 ; E 8 . 
Dimensions of Auslander-Reiten Components
In the previous section we have associated to each component ? s (G) conical, a ne varietiesV Gr ( ). If r is the height of the in nitesimal k-group G, then, as we shall demonstrate below, the dimension ofV Gr ( ) is related to the the structure of the component. Recall may now be adopted verbatim to conclude the proof.
(2). Suppose that dimV Gr ( ) = 1 and let M] 2 be a vertex. According to 27, (6.8)], we have c H(G) (M) = dim V G (M) = 1 and (1) implies that M is periodic. Thus, consists of -periodic modules, and the main result of 20] shows that has the asserted form.
If is an in nite tube, then all modules belonging to are periodic, so that dimV Gr ( ) = 1. Supposing that T is a nite Dynkin diagram, we let ' 2V Gr ( ) n f0g. As before we consider the G-module M ' := H(G) Ar k. In view of (1. We have arrows (j; n) ! (j; n+1) pointing towards in nity, and arrows (j; n+1) ! (j ?1; n)
poining towards the end. The Auslander-Reiten translation is given by (j; n) = (j + 1; n). Proof. This is a direct consequence of (3.2) and the second Brauer-Thrall conjecture. 2 
Frobenius Kernels of Reductive Groups
Throughout this section we consider a reductive group scheme G, de ned over the algebaically closed eld k whose characteristic p is assumed to be 5. We refer the reader to 22] concerning the representation theory of reductive groups. 
is the commuting variety ofV SL(2) 1 (k). We observe that the algebraic group G := SL(2)(k) (k n f0g) operates on this set via conjugation and scalar multiplication. Setting e = ( 0 0 1 0 ) we see that there are four G-orbits, given by (e; e); (e; 0); (0; e); and (0; 0). Since the orbit passing through (e; e) has dimension 3, we have reached a contradiction.
Hence there is exactly one index i 2 f0; : : : ; r ? 1g such that i 6 = p ? 1. We consider the projective cover P( ) of L( Proof. In either case there exists a simple H(G r )-module S whose support variety has dimension 2. The proof of 15, (7.1)] then shows that G has rank 1, and is therefore of the asserted form. 2 
Supersolvable In nitesimal Groups
Throughout this section we assume that p 3. We shall be studying the stable AuslanderReiten quiver ? s (G) of a supersolvable in nitesimal k-group G. In contrast to the foregoing sections, module varieties will not play a rôle here. Instead we shall exploit detailed information the block structure of H(G).
Recall that the set of algebra homomorphisms from H(G) to k coincides with G(O(G)),
the set of group-like elements of the function algebra O(G). Since O(G) is a free k G(O(G))]-module, it follows that G(O(G)) is an abelian p-group. Given an H(G)-module M and 2 G(O(G)) we will write M ( ) instead of M ( id H(G)
) .
We will say that a component ? s (G) is Euclidean if either has a Euclidean tree class, or = Z Ã n ]. In the latter case has tree class A 1 1 .
Lemma 5.1 Let S and T be simple H(G)-modules. If there exists n 2 Z n f0g such that n (S) = T, then S and T are periodic.
Proof. Without loss of generality we may assume that n > 0. By assumption S and T belong to the same block of H(G), and automorphism that sends the -orbit of (n; x) to that of (n; x). As does not contain any periodic modules, the map is xed-point free. Consequently, components of tree class (Ẽ n ) 6 n 8 do not occur. If has tree classÃ 12 then 7, (IV.3.8.2)] shows that the principal indecomposable module P attached to has length 4. Since p 3 this contradicts 17, (2.3)].
We nally assume that T =D n . Since is a xed-point free automorphism, it readily follows that n is odd. We may now apply 12, (2. is the almost split sequence terminating in X. Hence the above sequence is the standard almost split sequence for Q, and S is isomorphic to the heart H(Q) := Rad(Q)=Soc(Q) of Q. Consequently, Q is a uniserial module of length 3. By the linkage principle for B 17, (2.
3)] every principal indecomposable B-module is uniserial. Thus, B is a Nakayama algebra, a contradiction.
Accordingly, S] is located at an end of , so that the heart H(P) is indecomposable.
Hence H(P)] 2 belongs to an orbit x H(P) with`x H(P) =`B ? 2. By de nition we have` (x) =`B ?`x for every x 2D 5 . So far, we have identi ed orbits x S and x Rad(P) of lengths 1 and`B ?1, respectively, that are located at ends, and x H(P) , (x H(P) ) of lengths`B ?2 and 2, respectively, that are not located at ends. From the additivity of the length function we obtain that the lengths of the end vertices adjacent to x H(P) are`B ? 1, while those of the ends adjacent to (x H(P) ) are 1. We turn to the determination of the nite components of ? s (G) and the structure of the representation-nite blocks. According to 16, (2.1),(2.7)] representation-nite in nitesimal groups are supersolvable with all blocks being Nakayama algebras. Our next result provides a generalization for arbitrary blocks of supersolvable in nitesimal groups. Owing to 1, (X.2.6)] the connected components of the graph Q s (B) are nite Dynkin diagrams of types A n ; D n ; E 6 ; E 7 , or E 8 . By the above G(B) operates on the set C of components of Q s (B) via permutations. terminating (originating) in S 0 is surjective (injective), we conclude from the mesh relations that there exist principal indecomposable modules P 1 ; P 2 such that each Rad(P i )] 2 0 has quasi-length < r. Consequently, the component ?1 ( 0 ) = 0 contains simple vertices of quasi-length < r. By choice of r we obtain ql( Rad(P 1 )]) = 1 = ql( Rad(P 2 )]). If r > 2, then
